1. Introduction. Denoting by C the space of all real-valued continuous functions x(t) on O^/^l which vanish at / = 0, we consider the magnification, or change of scale, (l.i) y(-)-x*(-)
for X a nonvanishing real number. An investigation of this transformation leads to some very surprising results. For example, we find that there exists a subset C\ of C with measure equal to the measure of the total space,
which is transformed into a set of measure zero by every transformation of the form (1.1) except when X= ± 1. Thus, (1.3) w"(XCi) = 0 for -» < X < oo, X ?* ± 1, where XCi denotes the set of all functions y=\x for which #£G. This result is based upon the following theorem which we prove in §2: 
for almost all x. J o Using Theorem 1 and certain lemmas to be proved in § §3 and 4, we also obtain the following theorem, which we number as Theorem 3. use of Zermelo's axiom) we can construct a specific set E such that E is measurable under all magnifications and m w (KE) =ƒ(X) for all X > 0.
We shall prove this theorem in §4. Throughout this note we shall use the measure on C defined by Wiener. l 2. Proof of Theorem 1. Let m be any positive integer, and let
Later we shall take m to be of the form 2 n , and tj=j/2 n ; for the present no such specialization need be made. Denote by s m (x) the sum
We shall now evaluate the integral
Each of the two integrals on the right can be expressed as an m-fold Lebesgue integral which in turn can be easily evaluated. Thus • exp < -2 W *H ' ' * drim
On specializing the t 3 -to be (2.6)
and inserting (2.4) and (2.5) into (2.3) we obtain
This relation enables us to prove Theorem 1 ; letting m range over the subsequence 2", w = l, 2, 3, • • • , we see that (2.7) yields
* L "^ ~ TJ dwX=2~n~1 '
A familiar argument yields the convergence almost everywhere of <r n (x) to the value 1/2. In fact, denote by E n the set of x's for which
Then by (2.8)
Hence for each positive integer n, we have
Thus m w {FiF 2 F z • • • ) =0 and (2.14) holds for almost all x. This concludes the proof of Theorem 1.
3. Invariant and non-invariant null sets. We now introduce the notion of an invariant null set. We know that there exists a subset F of the real numbers 5 on the interval I: (O^s^l) such that mi(F)=*\ and ra e (jF)=ju. Now apart from null sets, the Wiener mapping 2 T takes I into C in an essentially 1-1 measure-preserving way, and since inner measure can be denned in terms of the sup of the measure of suitable (measurable) sets and outer measure can similarly be defined in terms of the inf of the measure of suitable (measurable) sets, it follows that the set E = TF in the space C has the desired property. THEOREM 2. LetfÇK) and g(X) be two f unctions defined on the set of all positive X and completely arbitrary except that
Then there exists a set E such that
for all X > 0.
PROOF. By Lemma 6 and Zermelo's axiom there exists a one-parameter set of sets E\ such that nii W (E\) =/(A) and m ew {E\) =g(X). Define £x = Ci£x. Then £x -Ex = £x(C -Ci), and since C-Ci is a null set (cf. Lemma 2), so is E\ -Ë\. Thus Ë\ differs from E\ by a null set and hence has the same inner and outer measure as E\:
We shall show that E has the required properties, (4.1). Consider For the proof we merely let By Lemma 3, these sets are all disjoint and hence there is no x for which F(x) has been defined twice (that is, the definition is self-consistent), and again by Lemma 3 the sum of these sets is C, and hence F(x) is defined for every x in C. Moreover the definition is entirely explicit (and hence Zermelo's axiom has not been used explicitly or implicitly). Now for all positive X and /x we have by (5.2) Thus Theorem 4 is proved.
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